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Various geometric configurations for the excitation of coherent ion motion in Fourier
transform-ion cyclotron resonance mass spectrometry (FT-ICR/MS) are analyzed (in some
cases for the first time) with unified notation. The instantaneous power absorption, F - v, in
which v is ion velocity and F the force produced by the applied excitation electric field
(harmonic, single frequency, on-resonance, in-phase), is time averaged and then set equal to
the time rate of change of ion total (cyclotron + magnetron + trapping) energy, to yield a
differential equation that is readily solved for the (time-dependent) amplitude of each of the
various ion motions. The standard FT-ICR excitation (namely, radial dipolar) is reviewed.
The effects of quadrature and radial quadrupolar excitation on ion radial (cyclotron and
magnetron) motions are also reviewed. Frictional damping is shown to decrease the ion
cyclotron orbital radius and trapping amplitude but increase the magnetron radius. Feedback
excitation (Le., excitation at the simultaneously detected ion cyclotron orbital frequency of
the same jon packet) is introduced and analyzed as a means for exciting ions whose cyclotron
frequency changes during excitation (as for relativistically shifted low-mass ions). In conirast
to conventional radial dipolar excitation, axial dipolar excitation of the trapping motion leads
to a mass-dependent ion motional amplitude. Parametric (i.e., axial quadrupolar) excitation
is shown to produce an exponential increase in the ion motional amplitudes (hyperbolic sine
and hyperbolic cosine amplitude for cyclotron and magnetron radii, respectively). More
detailed consideration of parametric excitation leads to an optimal ion initial radial position

in parametric-mode FT-ICR /MS. (] Am Soc Mass Spectrom 1993, 4, 433-452)

cyclotron resonance mass spectrometry (FT-

ICR/MS) have recently been reviewed [1, 2]; in
addition, more than a dozen reviews of FT-ICR/MS
analytical and chemical applications are also cited
therein. FT-ICR experiments are conveniently classified
according the ion trap wiring configuration and operat-
ing mode, which in turn determine which of the vari-
ous “natural” cyclotron, magnetron, and trapping fre-
quencies (or combinations of those frequencies) of ion
motion are observed. Unfortunately, prior theoretical
descriptions (where available) of these operating modes
are distributed over several reports by different work-
ers using different notation and formalism. For exam-
ple, radial dipolar ion excitation for FT-ICR/MS in the
conventional six-electrode orthorhombic geometry has
previously been analyzed in detail [3, 4]. However,
formal treatment of other excitation geometries for use
with FT-ICR/MS is still lacking.

In this study, we provide a unified description, with
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consistent notation, of prior (and some new) excitation
modes in the quadrupolar electrostatic trapping poten-
tial approximation (appropriately scaled for a cubic
ICR ion trap) and spatially linear (dipolar, i.e., uniform
electric field) or quadrupolar excitation potential. Our
approach is simply to equate the instantaneous single-
frequency power absorption by an ion (averaged over
one cycle of its oscillation) to the time derivative of the
(known) ion energy at the ion position in a quadrupo-
lar trapping potential field. We are then able to com-
pute the motional amplitude of an ion subjected to any
of several excitation configurations as a function of
time during the excitation period; the detected post-ex-
citation signal from such ions is then directly related to
the amplitude of the appropriate ion motion at the end
of the excitation period. We begin by reviewing the
conventional excitation geometry (including both dipo-
lar and quadrature excitation). We then analyze ion
relaxation modeled by a frictional damping force and
its conceptual “‘inverse,” “‘feedback” excitation (see
below), We then proceed to treat dipolar excitation of
the trapping (axial) ion motion as well as so-called
parametric excitation of both axial and radial motions.
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Figure 1. Electrical connections for a cubic ICR ion trap for different excitation modes: (a}
three-dimensional view of cubic trap; (b) electrostatic DC trapping potential (trapping electrodes on
left and right, side electrodes in front and back); (¢) standard (radial dipolar) excitation (cross section
through side electrodes in xy plane perpendicular to applied magnetic field); (d) quadrature
excitation (cross section as in c); (e} feedback excitation {(cross section as in ¢); left and right
electrodes are for detection; fop and bottom electrodes are for excitation; (f) axial dipole excitation {as
in b); (g) parametric excitation (as in b); (h) azimuthal quadrupolar excitation {cross section as in ).

(See text for explanation of symbols.)

Finally, we consider radial (xy) quadrupolar excita-
tion, which allows coupling of the cyclotron and mag-
netron motions.

To describe the various excitation geometries (Fig-
ure 1), we must first consider the various possible
trapping geometries. Figure la shows a three-dimen-
sional view of a cubic trap [5], for which trapping is
achieved by applying a static electric potential to each
of the ““trapping’’ or “end cap’ electrodes (T in Figure
1a), as shown in Figure 1b. The wiring configurations,
Figure 1b-h, for other trapping geometries (e.g., or-
thorhombic or tetragonal [3, 4, 6], cylindrical [7, 8], or
hyperbolic with segmentation of ring electrode [9-14]
are conceptually the same, except that the electrode
surfaces may be curved and/or rectangular rather
than square.

Excitation modes may be classified as follows. In
the standard excitation mode (radial dipolar excitation)
(Figure 1c), excitation voltages of opposite phase are
applied to two opposed “side” electrodes. This excita-
tion geometry was used in the very first FT-ICR exper-
iment {15] and remains the most popular. It provides
for excitation of the cyclotron motion with minimal
interference from other ion motional modes and leaves
the other pair of opposed side electrodes available for
pickup of the induced ion signal.

In the quadrature excitation geometry [16], excita-
tion voltages are applied to all four side electrodes, but
with phase differing by 7/2 between any two adjoin-
ing electrodes, as shown in Figure 1d. In this way, a
circularly polarized excitation electric field is created,
with two advantages: (1) excitation can be made selec-
tive for positive or negative ions because ions of one or
the other charge sign undergo cyclotron orbital mo-
tion, with one or the other rotation sense; and (2) the
excitation voltage amplitude need only be half that for
linearly polarized excitation (e.g., standard radial dipo-
lar excitation) because linearly polarized radiation can
be analyzed as the sum of two counterrotating compo-
nents, only one of which rotates in the same sense as
the ions of the charge sign of interest, so that half of
the linearly polarized excitation amplitude is unavail-
able for excitation [16, 17]. All four side plates of a
cubic trap are engaged in quadrature excitation, as is
also the case in parametric and azimuthal quadrupolar
excitation (see below). Ion detection may be accom-
plished in three ways: (1) segmentation of the side
electrodes to provide four electrodes for excitation and
additional electrodes for detection; (2) time-sharing
between excitation and detection on the same electrode
configuration (i.e., switching the connections from ex-
citation amplifier to detection preamplifier at the end
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of the excitation period); or (3) axial transfer of ions
from the excitation trap to another trap for detection.

We discuss frictional deexcitation as a model for the
relaxation of coherent ion motion due to collisions. We
then propose a new feedback excitation (Figure 1e), the
mathematical time inverse of frictional damping. Feed-
back excitation tracks the ICR frequency of an ion so as
to keep the excitation frequency “locked” to the ICR
orbital frequency during excitation. Feedback excita-
tion could be useful when the ICR orbital frequency
changes during excitation, as for ions excited to rela-
tivistic speed and /or ions in a nonquadrupolar trap-
ping potential.

Axial dipalar excitation [excitation voltages applied
differentially between the two trapping (“end cap™)
electrodes (Figure 1f)] has been used for the detection
of stored ions by a direct observation of their coherent
trapping motion (in that case, with a hyperbolic trap)
[11]. Because the trapping frequency is significantly
lower than the ion cyclotron frequency, axial dipolar
excitation provides a useful means for resonant (i.e.,
mass selective) ejection of electrons [18] or unwanted
low-mass ions whose high ion cyclotron frequencies
might exceed the bandwidth of the excitation fre-
quency synthesizer and/or amplifier, as previously
demonstrated in an ICR “drift"” cell [19].

By parametric excitation (detection) we mean an
excitation (detection) geometry that is identical to the
trapping geometry; that is, the conventional trapping
electrodes are combined in one set, all of the remaining
electrodes are combined in a second set, and the exci-
tation signal is applied to (the image charge is picked
up from) these sets (Figure 1g). The parametric mode
operation was introduced to ICR by Lee et al. [7] who
used a cylindrical trap. Parametric mode FI-ICR has
since been performed with a hyperbolic trap [20]. In
both cases, ions were produced off-axis before excita-
tion. Recently, a parametric mode excitation technique
has been applied to ions created initially on-axis and
subsequently shifted off-axis by excitation at their
magnetron frequency; the ion signal was then ob-
served in the conventional dipole fashion at the re-
duced cyclotron frequency, w,= w, — w_ [12]. It has
also been pointed out [12] that only two electrodes are
required for ion trapping; excitation and detection in
such a two-electrode trap may both be performed in
the parametric mode. The construction and perfor-
mance of such a trap have recently been reported [21].

Radial (xy) quadrupolar excitation, with an excita-
tion voltage of one phase applied equally to one pair of
opposed side elecirodes and an excitation voltage of
opposite phase applied equally to the other pair of
opposed side electrodes (Figure 1h), has two uses.
Such excitation at frequency 2w, is shown to lead to
an exponential increase in ion cyclotron orbital radius,
whereas the same excitation performed at frequency
w,+ @_= @, produces periodic interconversion be-
tween cyclotron and magnetron motions. The latter
effect has been exploited extensively in [CR determina-
tion of masses of short-lived isotopes at ISOLDE/
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CERN [22], providing not only high-accuracy mass
determination of the ions under investigation [23], but
also cooling of the ions by adding a buffer gas to
introduce ion-neutral collisions during the quadrupo-
lar excitation period [24]. Radial quadrupolar excita-
tion has recently been adapted to FT-ICR experiments
[25], where it is used to axialize initially off-axis ions
for extended trapping periods at high pressure and /or
improved detection efficiency. Radial quadrupolar (xy)
excitation is closely related to quadrupolar ( xz) excita-
tion, very recently introduced to FT-ICR [26], in which
the trapping and one pair of side electrodes are seg-
mented, so as to couple axial (trapping) ion motion to
the two radial (cyclotron and magnetron) ion motions.

Theory
lon Motion and Energy

In the absence of an applied time-varying electric field,
the three independent motions of an ion trapped by a
static magnetic field and a quadrupolar electrostatic
field are well known [27]. Recently, various ap-
proaches to study these motions have been reviewed
[28]. We therefore begin simply by stating the results.
Parallel to the z axis (i.e., the direction of the applied
static magnetic field), the trapped ions perform a har-
monic “trapping” oscillation (axial motion). In the xy
plane, the motion consists of a combination of two
uncoupled circular modes, the cyclotron and the mag-
netron orbital motions. The ion position r and velocity
v = 1 (vectors are denoted by boldface symbols) are
conveniently expressed in the form

x=x,+x_ (1a)
V=Y, (1b)
f=x i (10)
V=it (1d)
in which
x,=p, sinle,t) (2a)
x_=p_sinfw_¢) (2b)
y.=p. cos(w,t) (20)
y_=p_cos(w_t) Q@d)
i,=p,w, co{w,f) (2¢)
i_=p_w_cos{w_t) (2f)
¥i= —pio, sin(e. t) (2g)
Y= —p_o_sinle_t) (2h)
and
Z = Zpa SiN(w, ) (3a)
2= Zpax @, COs{@,t) (3b)
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in which p,, p_, and z_, are the instantaneous ion
cyclotron orbital radius, magnetron radius, and trap-
ping oscillation amplitude, respectively, and w,, w_,
and o, are the reduced cyclotron, magnetron, and
trapping frequencies, respectively. Figure 2 shows the
magnetron and cyclotron orbits for arbitrary initial
phases (i.e., arbitrary directions of p, and p_). In eq
2a—h, the initial phases have been set equal to zero for
simplicity (i.e.,, p, and p_ point along the positive
y-axis in Figure 2). Explicitly,

v [foy_o? “
U7 ( 2 ) 2
@, w \? wf (5)
“-77 (7) 2 >
_ thrz\p
in which
w, = gB/m (7}

/o
o
)
>

Figure 2. Magnetron (small circle of radius p_) and cyclotron
(large circle of radius p—, ) orbits in a plane perpendicular to the
applied magnetic field in the absence of RF electric field excita-
tion. The center of the cyclotron orbit always lies on the mag-
netron circle (see Figure 3).
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is the unperturbed cyclotron frequency of an ion of
mass m, and charge g in a homogeneous magnetic
field of amplitude B (in the z direction) in the absence
of any electrostatic field; Vi, is the trapping potential
(e.g., between the trapping plates and the side plates
for a cubic trap and between the ring and end cap
electrodes for a hyperbolic trap); and d; is a measure
of the trap dimensions. For a hyperbolic (Penning) trap
[27], for example,
1{ p3
d§=§(7°+z§) ®

in which p, and z, are the transverse and axial radii
of the trap. For other trap configurations, eqs 4-6 still
apply but with a different value of d;. The trap poten-
tial near the center of a nonhyperbolic trap is approxi-
mately quadrupolar and may be evaluated by, for
example, Taylor expansion techniques [3]. Although
the electric field of a nonhyperbolic trap is not as
nearly quadrupolar as that of the Penning trap, leading
to such perturbations as coupling between the various
ion modes to produce resonant responses to excitation
at multiples and combinations (see below) of the fre-
quencies of eqs 4-6, eqs 1-7 nevertheless give an
approximate description of the ion motion in FT-ICR
traps. (By reciprocity [6, 29, 30], detection at multiples
[3, 6, 31] and combinations of the frequencies of eqs
4-6 also occurs in a nonquadrupolar trap potential.)
For a cubic trap of edge length a4, for example, one
finds that [4]
d3 = a*/2a, a = 2.77373 9)

In the quadrupolar approximation, the three jon mo-
tional modes (cyclotron, magnetron, and trapping) are
independent. Those amplitudes depend only on the
ion initial position and velocity (and, of course, on the
trap dimensions that ultimately limit the amplitude of
each of the ion motions). For example, Figure 3 shows
the radial ion motion (superposition of magnetron and
cyclotron mode) for two ratios of cyclotron orbital
radius to magnetron radius in the absence of applied
radio frequency (RF) excitation.

The following readily verified relationships {32] will
prove useful later.

Wt w_= w, (10)
wow_= wl/2 (11)
0l+ i+ w0l = o 12)

The total energy E,, of the ions in the trap can be
separated into contributions from the cyclotron (E ),
magnetron (E ), and trapping (Ey) energy,

Eww = E,+E_+ Ep (13)
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Figure 3. Radial ion motions in an FT-ICR trap, in the absence
of RF electric field excitation (see eqs 2, 4, and 5). Dashed circles
magnetron orbit of radius p_ (i.e., the trajectory of the instanta-
neous center of the ion cyclotron orbital motion of radius p, );
w,/w_=20. Top, 0 < w,t < 40; middle, 40 < w, ! < 80; bottom,
80 < w, t <120; left, p, = p_/2; right, p,.=2p_.

Here the energy of each mode represents the sum of its
respective kinetic and potential energy and can be
expressed in terms of the motiocnal amplitudes (p,,
p_,and z., ) or in terms of their quantum numbers
n,, n_,and n, [27]:

m

E,= E(“’iw m+mv)pi
m 5 ]
= ? pa)+p+= Tl++ E §w+ (]4&)
m
E_= E(w_ w,w_)p’
m
— 5 wpw pt = —-(n,+ —)—w (15)
m ) 1y h
Er= —wizi,, = (nz + —)E;(uz (16)
in which
w,=w, - w_ = —2o_ an

is the frequency of parametric excitation and /or detec-
tion (see below) [7, 12, 20, 33], and 4 is Planck’s
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constant. From eq 17, eq 12 can be rewritten as

w; =it o’- ! (18)

and the following relation is readily derived:
w? + w) = 2wt o?) (19)

Note that the magnetron mode energy is always nega-
tive and decreases with growing quantum number (i.e.
decreases with increasing magnetron radius) because
the potential energy predominates over the kinetic
energy for magnetron motion.

Ion Motional Amplitudes from Instantaneous Power
Absorption: Method and Assumptions

In the following derivations, we assume that the vari-
ous ion motions are approximately the same during
one motional cycle (cyclotron, magnetron, or trapping)
in the presence or absence of an applied electric excita-
tion field. In other words, the excitation field is suffi-
ciently weak that the energy absorbed per motional
cycle is small compared to the energy of the motion
itself. This approximation is similar to the recently
published perturbation treatment of Mitchell [34]. With
this simplification, the ion motion during one cycle of
a given motional mode may still be described by eqgs
1-7. The instantaneous power absorption P({), is then
simply

P(t) =F-v (20)

in which v is the ion velocity, and F is the excitation
force acting on the ion,

F=g4E D
and E is the excitation electric field
E = a(r)sin(wt + ¢) (22)

in which a(r), w, and ¢ are the amplitude, frequency,
and phase of E, respectively. The excitation field am-
plitude, w(r) is in general a function of the ion position
r. In this study, we consider only harmonic (single-
frequency resonant) excitation, so that « is chosen to
match the frequency of one (or a combination) of the
ion natural motional modes.

The instantaneous power absorption is then ob-
tained directly from eq 20, by specifying the appropri-
ate excitation frequency (e.g., w = w, or w_ Or wy
from egs 4-6) and excitation field amplitude e(r) and
the appropriate ion velocity expressions (eq 2e—h; eq
3b). We then average the instantaneous power absorp-
tion over one cycle of the specified excitation fre-
quency (see below) and equate the result to the time
derivative of the energy (egs 14-16) of the ion mode(s)
being excited (eqs 14-16) to obtain a differential equa-
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tion for the time rate of change of the ion motional
amplitude of interest [e.g., p.(t), p_(t), z, ., (1)]. We
then solve the differential equation, subject to appro-
priate initial conditions, to yield the (time dependent)
ion motional amplitude [e.g., p (8), p (1), z,,, (9]
during the excitation process.

Standard Dipolar Radial Excitation

Here we rederive the previously known result for
dipolar radial (“azimuthal”’) excitation to illustrate the
method and notation before proceeding to other excita-
tion geometries. [We shall consider dipolar axial
(“polar”) excitation in a later section.] For dipolar
radial excitation, the amplitude «(r) of the dipalar
radial excitation electric field is independent of posi-
tion r:

o = (E,,0,0) (23)

For example, in the infinite parallel plate approxima-
tion [3, 351,

a=(V, ,/d,0,0) (24)

in which V,, is the peak-to-peak amplitude of the
differentially applied excitation voltage, and 4 is the
separation between the two flat excitation electrodes.
Similarly, near the center of a cubic trap of edge length
a, the excitation field can be approximated as

a=(BY,_,/a,0,0) (25)

in which B = 0.72167 [4]. Equation 25 applies to other
trap geometries as well, provided that the appropriate
value of B is used. We shall therefore use the 8V, /2
expression in this and succeeding sections.

Cyclotron Orbital Motion (Quadrupolar Trapping Poten-
tial). We may now substitute F = E (with a from eq
25) and v = (i, + i+ (y.+y_) j (with %, %_,
7., and y_ from eqs 2e-h) into eq 20, to obtain the
instantaneous power, P(1), absorbed by the ions:

P(t) = (qBV,_,/a)silwt + ¢) p,w, cos(w,t)
+p_w_ cos{w_t)] (26)

The maximum power absorption for ion cyclotron or-
bital motion (averaged over a time interval that is long
compared to one period of the cyclotron motion) oc-
curs for ¢ = 7/2 and w = w_ (i.e., resonant excitation
at the ICR orbital frequency), with 90° difference be-
tween excitation electric field phase and ion cyclotron
orbital phase. For an excitation of duration T, equal to
one period of the ion cyclotron orbital motion, we may
replace P(t) by its time-averaged value,

_ 1 T . qBVp-pp+w+
(P) = Tfo P(tydt =~ ——PP

for T=2w/w, (27}
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From here on, we shall denote the average power
absorption {P) simply as P, to indicate that a time
average has been taken. The instantaneous power ab-
sorption will continue to be represented by P(t).

Alternatively, the power absorption leading to in-
creased ion cyclotron orbital energy may be repre-
sented as the time rate of change of the cyclotron
orbital energy given by eq 14:

P=dE,/dt = mw,w_p p, (28a)
Thus, by equating eqs 27 and 28a, we obtain a differ-
ential equation for the time evolution of the ion cy-
clotron orbital radius p,:

98V,

P (29a)

mwy, p=
The solution for this differential equation [where for
simplicity we take the initial cyclotron orbital radius to
be zero, p, (0) = 0] is

qﬁVP,Pt

2ma w,

p.(t) = (302)

Figure 4 shows the radial ion motion during resonant

\
“EIENN

e

A

Figure 4. Radial ion motion for standard dipolar radial excita-
tion at the ion cyclotron orbital frequency «, in a quadrupolar
electrostatic trapping potential {(see eq 30). Left, ion initially at
rest in the center of the trap (zero initial magnetron radius); right,
nonzero initial magnetron radius. Dashed circles, frequeney ratio,
and time periods as in Figure 2.



J Am Soc Mass Spectrom 1993, 4, 433—-452

cyclotron excitation for an ion initially at rest at the
center of the trap. The ion trajectory is an Archimedes
spiral, that is, the distance between the lines of the
trajectory of consecutive revolutions remains constant
{in contrast to, e.g., the feedback excitation discussed
below). It should be noted that the time averaging
used in this derivation leads to a slightly simplified
ion trajectory. The actual trajectory includes an addi-
tional oscillation of the instantaneous center of the
cyclotron motion (i.e., an excitation /deexcitation of the
magnetron motion) [36]; however, this effect is negligi-
ble within the limit that the excitation lasts for many
periods of the ion cyclotron orbital frequency «,, as
assumed above.

Cyclotron Orbital Motion (Zero Trapping Potential). In
the absence of any electrostatic trapping field, the
preceding calculation proceeds along similar lines, with
the following differences. First, the cyclotron orbital
motion is purely kinetic (ie., zero magnetron motion
because there is no electrostatic potential), and the
cyclotron orbital energy from eq 14 simplifies (w, —
@, = w)to
m

Fo= T 2p?

T 5 (14b)

in which p, = p, is the ion cyclotron orbital radius.
The power absorbed (eq 28), then simplifies to

P=muwlp. p. (28b)
which leads to the differential equation
v _
e, p, = M (29b)
2a
and its solution
9BV, ot
t) = —— 30b
pe(t) 2maw, (30b)

(in which the same assumptions for phase coherence
and initial conditions have been applied as in the
quadrupolar trapping potential case). After substitut-
ing for w, = qB/m, eq 30b takes the familiar form,

p(E) = Egt/2B (€1))

Because w, = w, (compare eqs 10 and 17), a com-
parison of eqs 30a and b reveals that the cyclotron
orbital radius increases more rapidly in the presence
than in the absence of the quadrupolar electrostatic
trapping potential. As the ion cyclotron orbital radius
increases during excitation, the ion absorbs the same
amount of energy from the excitation field in the
presence or absence of an electrostatic trapping poten-
tial; however, in the presence of a quadrupolar trap-
ping potential, the ion slides downhill along the elec-
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trostatic potential energy surface as it moves radially
outward and thereby gains additional kinetic energy
(beyond that due to the excitation itself) equal to that
decrease in potential energy.

Magnetron Motion (Quadrupolar Trapping
Potential)

Now suppose that we excite at the magnetron fre-
quency w_ rather than the cyclotron orbital frequency
w, in eq 26. Following the same procedure as before,
we find that for maximum power absorption (again
¢ = m/2), eqs 27, 28a, and b now take the form

BV pp_w

P
2a

(32)

P e ) (33)
= T TMopw-ppo
leading to a differential equation for the magnetron
radius p_(#),

_ aBVe p

7a 4

—mw, f_

whose solution {for an initial magnetron radius p_(0)
at time zero) is

qBVp-pt

Zmawp

p_(t)=p_(0) — (35)

Equation 35 indicates that resonant dipolar radial
excitation decelerates the magnetron motion of an ini-
tially off-axis ion [ie., p_(0) # 0] if the ion magnetron
motion and the excitation electric field differ in phase
by ¢ = %/2 (i.e., maximum power absorption, as in
the prior case of cyclotron orbital motion); however,
acceleration of the magnetron motion of an off-axis ion
occurs for ¢ = —w/2. An ion initially on-axis in the
trap [ p_(0) = 0] will increase its magnetron radius
linearly with time (leading eventually to radial ejec-
tion) during the excitation event. In fact, by observing
a conventional FT-ICR time-domain signal following
excitation at the ion magnetron frequency, such ejec-
tion can be detected to provide a direct method for
determination of the magnetron frequency [2]. It is not
necessary to eject the ions during the magnetron exci-
tation event. If the sum of the magnetron and cy-
clotron radii (after subsequent excitation of the cy-
clotron motion) exceeds the trap dimensions, the ion
signal disappears, indicating that the prior magnetron
excitation was resonant. This scheme is very similar to
those in which the ion number is monitored by axial
ejection of the ions through small holes in the trapping
plates, followed by ion counting with multichannel
plate detectors [37].

Fquation 35 also shows that it is advisable not to
include the ion magnetron frequency in the range of
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broadband (chirp {38, 39] or stored waveform inverse
Fourier transform (SWIFT) [4, 40, 41]) excitation wave-
forms. It is worth noting that direct current (DC)
“Dirichlet” (“impulse’) [15, 17, 42] or DC “‘burst” [43]
excitation necessarily excites low-frequency magnetron
motion because a Fourier transform of a time-domain
DC signal of duration T, yields a frequency-domain
“sine” spectrum of the form sin(wT)/w [17]. From eqs
30a and 35, it is clear that the ion cyclotron orbital
radius following such a DC “impulse” excitation is
always smaller than the post-excitation magnetron ra-
dius (provided that the ion was at rest in the center of
the trap before the excitation event} because w_< w,,
and the excitation “sinc’”” amplitude decreases with
increasing frequency. Finally, there is no analog to eq
30b because magnetron motion no longer exists in the
absence of an electrostatic trapping potential.

Having illustrated the formalism of our approach
with the well-known dipolar radial excitation example,
we now proceed to treat in the same way various other
excitation modes, some of which have not been previ-
ously analyzed. The method in each case remains the
same; only the form of E and the ion motional modes
of interest vary.

Quadrature Excitation

In quadrature excitation, oscillating electric fields of
the same frequency (but different phase) are applied to
both pairs of side plates of, for example, a cubic trap
(Figure 1d). The electric field takes the form

V,_
E= h ; P (sin(ewt + o), sinwt + ¢,),0) (36)

and the instantaneous power absorption (eq 20) be-
comes

1%
P(#)=F-v= ﬁdl-_l{sin(wt + &)

X[ poo_ cos(ow, t) + p_w_ cos(w_t)]
—sin(wt + ¢,) p, . sin(w, t)
+p_w— sin(w_t)]} (37)

For in-phase single-frequency on-resonance excitation
of ion cyclotron motion, ¢, = w/2, and ¢, = 7 (e,
the electric field is circularly polarized, as opposed to
the linearly polarized dipole field discussed above),
and @ = w,. The power absorption averaged over one
cycle of w, then becomes

_ qaB Vp" pP+@W.

P
d

(38)

Note that twice as much power is absorbed for circu-
larly polarized radial excitation (eq 38) as for standard
linearly polarized dipolar excitation (eq 27). The reason
is simply that a linearly polarized electric field E,
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sin( wt) may be constructed as the sum of two counter-
rotating circularly polarized electric fields,

Ey Eo :
Eysin(wt) = —2-exp(iwt) + —z—exp(—twt) (39)

of which only the field rotating in the same sense as
the ion has a significant effect [16, 17).

By equating eq 38 to the time derivative of the
cyclotron energy (eqgs 28a and b), we obtain a differen-
tial equation from which the ion cyclotron orbital ra-
dius p,(f) is readily shown to be

(40a)

In the absence of an electrostatic trapping potential,
the same steps that led from eq 30a to b yield the ion
cyclotron orbital radius resulting from quadrature ex-
citation:

qBVp pt
md o,

(4

p(t) = (40b)

Quadrature excitation has two advantages over dipo-
lar excitation: (1) only half the excitation voltage mag-
nitude is required to excite an ion to a given ion
cyclotron orbital radius; and (2) it is possible to excite
selectively ions of a given charge sign (because ions of
the opposite charge sign rotate in the opposite sense),
as recently demonstrated [16] for simultaneously
trapped ions in an ICR ion trap with RF trapping
potential [44]. Similarly, signal-to-noise ratio is en-
hanced by a factor of 2/ v2 = V2 for quadrature detec-
tion compared with linear dipolar detection [45—-47].

Feedback Excitation

One way of ensuring that the excitation frequency
remains on-resonance is to set it equal to the frequency
of the detected ICR signal of the ions themselves,
taking into account any phase difference between the
detected signal and the transmitted excitation. For
example, the ICR signal from a coherently orbiting ion
packet in a cubic trap of edge length a could be
detected on the electrodes at y = ta/2 and then
transmitted after amplification to the electrodes at x =
+4a/2. In a predominantly capacitive detector [35, 48],
the ion signal is proportional to the number of ions
and their y-displacement [35, 48, 49]. In general,
phase-shifting devices could be used to match the
phases of excitation and detection signals (Figure le).
This excitation scheme has not yet been realized exper-
imentally, partly because the transmission and detec-
tion circuits have to be extremely well isolated to
prevent the excitation signal from coupling directly to
the detector. The feasibility of the method might be
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improved by exciting and detecting at different har-
monics or combination frequencies. We shall assume
that the detection bandwidth does not extend to the
magnetron frequency, so that the excitation signal is of
the form,

E=1(1,0,00(A/N)p, sin(w, t + ¢) (41)

in which A is a proportionality factor that includes the
amplification factor of the feedback loop as well as the
number of ions of reduced cyclotron frequency at the
frequency of interest. From eq 20, the power absorp-
tion averaged over one cycle of @, becomes (¢ = m/2
for maximal response)

_ quinr

P
2

(42)

Equating eq 42 with eq 28 for the time rate of change
of cyclotron orbital energy, we obtain

qAPi @y

> (43)

P=mo,0,p,p,=

from which we obtain the differential equation for p,

qAP,

> (44)

me, p,.=

whose solution is simply the exponential function

2me

p.(t) = p+(0)exp( t) (45)

P

For the ions not to be ejected from the trap, the
amplification factor A could be varied with input (ICR
signal) amplitude so that the excitation terminates once
a specified ICR signal magnitude is reached. It is
worth noting that feedback excitation may prove dif-
ficult experimentally. Apart from the problem of isolat-
ing excitation from detection, the feedback signal de-
pends on the number of ions, with two consequences.
First, the cyclotron radius of the excited ion packet
must be measured or calculated to determine the num-
ber of ions [3, 6, 49, 50] in the proportionality factor A.
Second, if ions of more than one mass-to-charge ratio
are present, then the excitation factor may be different
for ions of each mass-to-charge ratio if their abun-
dances are different (which is generally the case}. Nev-
ertheless, feedback excitation could be useful when the
ion motional frequency depends strongly on ion posi-
tion. For example, light and /or multiply charged ions
have high ion cyclotron orbital frequencies [51]. Even
at a relatively small ion cyclotron orbital radius, the
ion cyclotron orbital frequency can shift by more than
1 kHz owing to the relativistic increase in mass due to
increased ion velocity [52]. In such a case, continu-
ously on-resonance excitation could be achieved by an
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initial resonant RF “impulse” [15, 17] or “burst” [43]
dipolar radial excitation followed by the proposed
feedback excitation. (Alternatively, it is possible to
calculate analytically the excitation phase that exactly
matches the ion cyclotron orbital phase during the
excitation process [53].) Finally, the feedback excitation
method could in principle be applied to ions of differ-
ent mass-to-charge ratios and of different relative
abundance.

Frictional Damping

The ion trajectory described by the quadrature equiva-
lent of eq 45 is the time inverse of the trajectory
resulting from a damping force on a pure ion cyclotron
orbital motion (Figure 5). Consider a frictional resistive
force proportional to the ion speed, for example, due to
collisional damping of the ion motion,

F=—fv (46)

in which f is the frictional coefficient [54). Such fric-
tional damping might arise, for example, from colli-
sions of high-mass ions with low-mass neutrals. The
damping is equivalent to a negative feedback quadra-
ture excitation of the radial ion motions plus an addi-
tional negative feedback excitation of the axial ion
motion. The total power absorbed by the ion is

P(#)=F v=—f? 47

Because the total effective damping force is a linear
combination of dipolar “deexcitations” at w,, w_, and
w,, with the appropriate spatial dependence, there is
no coupling among the various ion motional modes (in
contrast to parametric and quadrupolar radial excita-
tion—see below), and the motional modes may be
considered one at a time. The time-averaged power
absorption is readily obtained from eq 47, with v, v,,
and v, from eq 2e-h and eq 3b:

p,= —fwipi (48a)
P_= —fwlp? (48b)
Pz = 'fwzzzlzlax/z (48C)

The corresponding time rate of change of energy for
each of the three ion motional modes is

dE /dt = mo,w,p,.p, (49a)
dE_/dt = —me,0_p_p_ (49b)
dE_/dt = m2z . Zoax (49¢)

Equating eq 48a (or eq 48b or ¢) to eq 49a (or eq 49b or
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Figure 5. Damping of radial ion motions by a frictional force
(see eq 51); w,/w_= 20. Left, zero initial magnetron radius: the
ion cyclotron orbital radius decreases exponentially to zero. Right,
nonzero initial magnetron radius; the ion cyclotron orbital radius
decreases exponentially to zero, but the magnetron radius in-
creases exponentially with time. Dashed circles, initial magnetron
orbital circle (i.e., the instantaneous position of the center of the
ion eyclotron orbital motion if the magnetron radius were con-
stant).

¢) leads to the differential equations

) fo
pi=- m(: P (50a)
P
PR LE (50b)
o,
imax == %Vl_ 2 max (50¢)
whose solutions are
e, (1) = p (0) exP(- for. t) (51a)
ma,
for_
p-(t) =p_(Dexp| + t (51b)
Mo,
Zmax (1) = 20, (0) exp( _ L t) (51c)
max max 2m
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Figure 5 shows the effect of a damping force on the
radial ion motion. If the ions start out with a pure
cyclotron orbital motion {e.g., after resonant dipolar
radial excitation at their reduced ion cyclotron orbital
frequency w,, they simply spiral back to the center of
the trap (Figure 5, left) and are available for another
excitation [55]. If, however, the ion packet is initially
displaced from the z axis (i.e., nonzero initial mag-
netron radius), then that magnetron radius will in-
crease owing to frictional damping, and the jons will
eventually be lost from the trap (Figure 5, right).

Power absorption by the detector circuit can also
lead to an increase in the ion magnetron radius and
eventually to the loss of ions from the trap, as has
recently been considered by Beu and Laude [56]. The
present treatment includes both collisional damping
and resistive damping from the detector circuit,

Dipolar Excitation of Axial Motion

In the case of an axial dipolar excitation (Figure 1f), the
RF excitation electric field takes the form

E = (0,0, E,) sin(wt + ¢) (52)

The instantaneous power absorption (see eq 20) is
P=F-v=gEsin(et + ¢)z,,, 0, cos{w,t) (53)
Maximal on-resonance power absorption occurs for
¢ = m/2 and w = w,. Averaged over one cycle of w_,

the power absorption becomes

_ 9Eo Zmax @z

5 (54)

Equating eq 54 to the time rate of change of ion axial
energy (see eq 16),

P=dE,/dt = mw2z,, . (55)

leads to the differential equation
e Emax =~ (56)
The amplitude of trapping motion therefore evolves as

qgEot

t) = —— 7

Zma(D) = 50 (57)

In contrast to the evolution of the cyclotron radius

discussed above, z,,.(#) depends on the mass of the
ion and the trapping voltage:

E,t gd3
£y = — 5
Zmax(1) 2 \/ Vg (58)
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For a cubic trap (eqs 9 and 25),
E =(0,0, Ey)sin{ ot + ¢)
= (0,0, BV,_,/a)sin(wt + ¢) 59)

and the procedure starting with eq 53 can be repeated
(see eq 9) to yield

ﬁvp—pt q
2 2amV,

trap

(60)

Zoax(£) =

in which, again, o = 2.77373 and B = 0.72167. Note
that z.,(t) is independent of the size of the cubic
trap.

Parametric Excitation of Axial Motion

We turn next to parametric excitation (Figure 1g), for
which the spatial dependence of the excitation electric
field is the same as that of the trapping field. We begin
as usual from a harmonic excitation signal,

v, _
E=(x,y,—2z) Zpdzp sinlwt + ¢) (Penning trap)
0
(61a)
Vo-pa .
E=(x,y, —22) p sin(wt + ¢) (cubic trap)

(61b)

However, because parametric FT-ICR excitation has to
date been used experimentally only with hyperbolic
traps (see, however, the next section for radial mo-
tions) [11, 20], only eq 61a is developed in this and the
next section. The instantaneous power absorbed (egs
3b, 20, 61) by the axial (trapping) motion is

Vep
242

P(t) = -2z, sin(w,t)
Xsin(ewt + ¢z, .. o, cos(ew, t) (62)

From the trigonometric relation, sin{w,#) cos(w,t) =
sin(2w,£), the average power absorbed during one
period of on-resonance (w = 2w, equals twice the
trapping frequency; ¢ = w) excitation is

zrznaxwzqvp—p
P=——-— 63
4d3 63

By equating eq 63 with the time rate of change of ion
axial energy (eq 16), we obtain

dEz . sznaxmzqvp—p
e Mw2z,, o = T (64)
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The differential equation for Z

. gVo-p
Zmax = m 2 max (65)

max/

leads to the solution,

TVo-pt )

Ziax (F) = 2., (0) exp(m
0%z

4V,

trap

V,_ t
= Zrax(0) exp(-—-p p® ) (66)

For in-phase on-resonance parametric excitation, the
amplitude of the trapping motion increases exponen-
tially with time (eq 66), rather than linearly with time
as in standard dipolar radial excitation. The ion trap-
ping oscillation amplitude after excitation is propor-
tional to the initial amplitude z.,.(0). The resonance
frequency is 2 w,. This result is related (see below) to
the (undesirable) axial ejection (“z ejection”) of low-
mass ions during standard dipolar excitation of higher
mass ions. Parametric resonant excitation at 2w, pro-
duces an electric field component along the =z direc-

a
b
sign(Eexc (t, z>0))
[ R e s Rl e ¢
sign(E,, .(t, z<0))
0--q--F-4--}- d
sign(E,, . (L, (1)) —
0~--H----+ —-—-= e

time —

Figure 6. Time dependence of instantaneous axial position (a)
and velocity (b} for ion trapping motion and sign of parametric
excitation field {z compenent; on-resonance, in-phase) for posi-
tive (c) and negative (d) ion z values. The sign of the electric
field as seen by the ijon (at position as in a) is given in (e). It is
identical to the sign of the ion velocity that results in a continued
excitation as described in the text.
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tion, such that the sign of the electric field at the ion is
the same as that of the ion z velocity throughout the
full period of the excitation oscillation (Figure 6). Thus,
ion z motion is accelerated continuously during reso-
nant parametric excitation at 2w,

It is well known that z-ejection (intentional or unin-
tentional) may be produced by a spatially nonuniform
radial dipolar electric excitation field [8, 14, 57-65]
(except on the z axis, where the z component of the
dipolar excitation field is zero by symmetry if the trap
z axis is exactly aligned with the applied magnetic
field). Because z ejection is mass dependent (see, e.g.,
eq 66), it is highly undesirable because it changes the
relative FT-ICR mass spectral peak area (and thus the
apparent relative ion abundances); that is, it leads to
mass discrimination. One source of z ejection appears
to result from excitation at 2w,; we call it “pseudo-
parametric” z ejection (because the geometry used is
the standard radial dipolar rather than the parametric
discussed above). The explanation is as follows. If an
ion is not located on the z symmetry axis of the trap
during the excitation event, the ion experiences a z
component of the excitation field (unless the ion has
zero trapping motion and stays strictly in the z =0
plane} for two possible reasons. First, a dynamic dis-
placement from the z axis is an automatic consequence
of a nonzero magnetron radius. If the magnetron fre-
quency is low, the ion may be z ejected from the trap
long before it has moved significantly along its mag-
netron trajectory. If the ion moves half a cycle in its
magnetron orbit, the phase of the z component of the
excitation field will be reversed, leaving a zero net z
excitation. A nonzero magnetron radius can result from
a misalignment of the electron beam for electron im-
pact ionization or off-axis injection of externally cre-
ated ions (including laser desorption /ionization meth-
ods). Second, a static ion displacement can arise from a
mismatch between the trapping and/or excitation
voltages applied to the electrodes of the trap. For
example, if the DC potentials of two opposed side
plates do not match, the effective symmetry axis of the
trapping potential will be shifted from the geometric z
axis of the trap. An applied radial dipolar RF excita-
tion field then exposes the ions on the shifted axis to
an RF z excitation field. Under the described circum-
stances, pseudoparametric z ejection is avoided by
sweeping from high to low (rather than from low to
high) ion excitation frequency because the cyclotron
motion is then excited first and the ions have large
cyclotron radii when the excitation at 2w, is applied.
Because the excitation is of standard dipolar geometry,
the fast cyclotron motion (compared to the trapping
motion) leads to a zero average z component of the
excitation field; however, one should (if possible) in
addition exclude the 2w, frequencies of all ions of
interest from the frequency range of the excitation, for
example, by use of SWIFT [40, 41] excitation. This
requirement may entail a careful choice of trapping
voltage.
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However, there is a second effective mechanism for
z ejection in dipolar excitation mode quite different
from pseudoparametric z ejection. In this second case,
the z ejection occurs at frequencies near the reduced
cyclotron frequency e, [58]. This phenomenon has
recently been investigated in detail, and we refer the
reader to the publication of Fujiwara et al. [66]. To
perform an ICR experiment, the excitation at @, can-
not, of course, be avoided; however, an investigation
of the response to frequency-sweep excitation again
shows that a downfrequency sweep is preferred if z
¢jection is to be avoided.

We note that both mechanisms for z ejection dis-
cussed so far may be virtually eliminated by bringing
the RF electric excitation field to near-perfect spatial
uniformity (and no z components) by addition of
“guard rings” [61, 62, 67] or by use of an “infinity”
[68] or an open end-cap trap [69]. There is an interest-
ing difference between the two z ejection mechanisms
that may lead to a distinction for a given experiment.
In the pseudoparametric case (as for the standard
parametric mode), the excitation field may be small
compared to the trapping field. The electric field z
component is always directed toward the z = 0 plane,
but the ions nevertheless gain energy by resonant
excitation during many periods of the trapping mo-
tion. In contrast, the second mechanism only works if
the excitation voltage amplitude is higher than the
trapping voltage. Therefore, if the excitation voltage
amplitude is reduced below the trapping voltage and
z ejection still oceurs, then it cannot be by this mecha-
nism.

Finally, it is worth noting that even if the dipolar
excitation field has no z component, ions may never-
theless be ejected axially. Ions with initially thermal
velocity acquire higher radial velocity as they are ex-
cited to larger ion cyclotron radii. Ion—neutral and /or
ion—ion collisions in general convert some of that in-
creased translational energy into z velocity. If the
kinetic energy in the z direction is sufficiently large
(i.e., greater than the depth of the z-potential energy
trapping well, see below), then the ion is lost from the
trap. [We note that the depth of the electrostatic z-
potential well actually increases with increasing dis-
placement from the z axis: If the trap electrodes are
each held at Vi, then the bottom of the z-potential
well at the center of, e.g., a cubic trap is V. /3, for a net
well depth (difference in z potential between the cen-
ter of the trap and the trap electrode) of 2V;/3; how-
ever, in the limit that an ion approaches one of the side
electrodes of a cubic trap, the electric potential energy
drops to zero (the potential of the side electrodes
themselves), so that the well depth at the trap radius is
V1, ie., greater than the well depth along the z axis.
Similar arguments may be applied to other trap ge-
ometries.]

From the above discussion, it is clear that z excita-
tion is a complex problem; however, unwanted z ejec-
tion may be reduced by (1) careful alignment of the
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trap with respect to ionization and/or ion injection
pathway, (2) shimming of both the trapping and the
RF excitation field, (3) lowering the number of ions
and pressure in the trap to reduce the frequency of
ion—ion and ion-neutral collisions, (4) lowering the
excitation voitage amplitude below the vaiue of the
trapping voltage, (5) use of downsweep instead of
upsweep in the case of frequency-sweep excitation,
and (6) tailoring the excitation frequency range to
include all desired cyclotron frequencies but exclude
components at twice the trapping frequencies.

Parametric Excitation of Radial Motion

Next, we consider the effect of parametric excitation on
the ion radial motions. The excitation geometry (Figure
1g) is identical to that discussed in the previous sec-
tion. The x and y components of the excitation field
are as in eq 61:

V,_
E, =x2L sin(wt + ¢)

20 (67a)
E, = ep sin(wt + @) (67b)
YT

The power (averaged over one cycle of the excitation
frequency) absorbed into the radial motions (eq 20, eq
67) is

qV,_
P(t) = 2‘;21" sin(wt + ¢ xi +yyl  (68)

a

Substituting for x, y, %, and y from eq 2a—h, we find
that

xxk + ¥y = w,p,p_lsin{w_t) cos(w, t)
—cos{ew_t)sinw, )]

= —w,p,p_sin(e,t) (69)

so that

Vep sin{lwt + @) sin(w_t) (70)
2d2 P

P() = ~wpp.p

Again, we are interested in the in-phase on-resonance
case ¢ = 7, @ = w,, for which eq 70 simplifies to

VvV _
e (1)
o]

P= WPy P

In contrast to the standard dipolar radial excitation
the resonance frequency, w,, is a combination of the
frequencies of two ion motional modes: w, = v, — w_,
If an energy quantum from the excitation field is
absorbed, the radial energy, E,+ E_ changes from
n,+1/2Xh /27, —(n_+ 1/ /27m)ew_ to {n,+
3/2Xk/ 27w, —{(n_+ 3/2Xh/27)w_. Thus, the rates
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of change of the cyclotron and the magnetron energies
are related by

dE, w, dE_

-t 72
dt w_ dt (72)

Therefore, the power absorbed into both the mag-
netron and cyclotron orbital motions may be expressed
by the change in the magnetron or cyclotron orbital
energy only:

oo d(E.+E_) w, dE.

= =
dt C w, di (732)
d(E,+E_) w, dE_
P= TR —w__T (73b)

Moreover, from eqs 14, 15, and 72, the time rates of
change in magnetron and cyclotron radii are related by

dp, dp_
= 74
P+ P="at 74)

By expressing the total power absorption in terms of
changes in the magnetron and cyclotron orbital radii
(combine eqgs 14, 15, and 73),

dp

P=malp, _dt: (75a)
dp_

P= mwg p_ 7 (75b)

we arrive (combine eq 71 with eq 75a or b) at a system
of two coupled differential equations for p, and p_:

. Vo-p
—p BB 76
Pe™ P 4mmpd(2) (762)
V,_
b i%vp__ (76b)

- P 4mmpd8

This system of differential equations is readily solved
by standard methods, such as the Laplace transform.
For an initial cyclotron orbital radius p + (0) and ion
magnetron radius p_(0),

pe (1) = p, (@ cosh(yt) + p_(0) sinh(yt) (77a)
p_ (1) = p (0 sinh(yt) + p_{0) cosh{yt) (77b)

with

v
p-p (770)

ve 4mwpd(2,

For the usual case that w_< w,, we may approximate

w,=w,~ 0_= 6, — 20 = o, so that

1%
~ PP 78)
YT 4Bz ¢
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For parametric radial excitation, both the cyclotron
and magnetron radii increase exponentially. In all
parametric excitation experiments performed to date,
the initial cyclotron orbital radius of the ions was
negligibly small. In that case, eq 77 reduce to

p. (1) = p_(0) sinh(y )
p_{(t) = p_(0) cosh(yt)

(79a)
(79b)

(see Figure 5). Although the asymptotic behavior (¢ >
1/v) of magnetron and cyclotron orbital radii is the
same, the initial increase takes place almost entirely in
the cyclotron orbital motion (see Figure 7). To maxi-
mize the detected ion signal, an ion trap operating in
parametric mode should be designed to allow for the
largest possible radial distance variation, namely, from
| p.— p_lto (p,+ p_) [33]. We therefore now consider
the optimal radial displacement from the trap z axis at
which the ions should be intreduced initially in a trap
operated with parametric mode excitation/detection.
The largest detected signal is expected if, after excita-
tion of duration T, the magnetron and cyclotron orbital
radii are equal and their sum is slightly smaller than
the trap radius p,. Therefore,

0,(T) =py/2 = p_{0)sinh(yT)
p_(T) = py/2 = p_(0) cosh(yT)

(80a)
(80b)

Figure 7. Radial ion motions for parameiric excitation (see eq
77). w,/w_=20. Initial magnetron orbit circle is shown as a
dashed line. Note that both the magnetron and ion cyclotron
orbital radii increase with time.
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implying that sinh(yT) = cosh(yT); however, there is
no point of intersection for the hyperbolic sine and
cosine functions, although they approach each other
asymptotically as the argument, yT increases. Thus,
eq 80 require that one choose a relatively small initial
magnetron radius p_(0). Unfortunately, space-charge
repulsion limits the number of ions that may be packed
close to the central z axis of the trap. Also, very small
initial radii are not desirable because the excitation is
essentially exponential, and a small deviation from the
initial position (when close to the trap center) trans-
lates into a very large deviation from the intended
cyclotron radius after excitation. Thus, for the tradi-
tional Penning trap with two endcaps and a ring elec-
trode (as well as for traditional cubic or cylindrical
traps), optimization of the initial magnetron radius
poses a problem.

In the two-electrode hyperbolic trap with concentric
core and ring electrodes [12, 21], the ion optimal initial
position is easily calculated as follows. Let p.,. and
Pring D€ the minimal (waist) radii for the core and ring
electrodes, respectively. The maximal detected signal
results from a magnetron radius (after excitation) ex-
actly half-way between the electrodes and a cyclotron
radius (again after excitation) of half the distance be-
tween the electrodes:

p—(T) = (pri.ng + pcc;re)/2 (81&)

p+(T) = (pring - pcore)/z (81b)

From eq 81, the optimal initial magnetron radius p_(0)
can be determined to be the geometric average of the
core and ring electrodes [21],

p—(o) = v pring Peore (82)

and the corresponding excitation duration T is

1
T+ —log,

™ (83)

pri.ng )

p Core

The optimal initial magnetron radius may also be
expressed in terms of the final magnetron and cy-
clotron radii:

p_(0) = y/p2(T) = p2(T) (84)

(Of course, the implementation of eqs 82 and 84 in
practice will be complicated by the distribution in
trapping oscillation energy of the ions.) A more com-
prehensive discussion and experimental results of the
performance of this new trap design have recently
been presented [21].
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Azimuthal Quadrupolar Excitation of Radial
Motion

In the preceding section, we dealt with an axial
quadrupolar excitation. Here we consider the
quadrupolar excitation field of radial (azimuthal) ge-
ometry (Figure 1h), which can be achieved in a cubic
trap by con.necting the excitation signal to one pair of
opposed side plates and the same signal phase-shifted
by = radians to the other pair of opposed side plates.
To a first approximation, the excitation RF electric field
can be written

E_ = +xCsin{wt + ¢) (85a)

E, = —yCsin(at + ¢) (85b)

For the cubic trap, the constant C follows from essen-
tially the same calculation as for the trapping potential
[4] (due to the symmetry of the cubic trap),

3aV,_
C= —72£;£ (86)

The instantaneous power absorption for the radial mo-
tions (with x, y, %, and ¥ from eqs 1 and 2) amounts
to

P(t) = gCsin(w! + ¢ p2w, sin(Zw,t)

+plew_sinQRw_t) + p,p_o, sin(e t)] (87)

There are clearly three excitation frequencies that pro-
duce a long-term (average) effect on the ion motion.
Here excitation at frequencies, 2w, and w., is dis-
cussed. (The line of reasoning for excitation at 2w_ is
analogous to that for 2w, .)

Excitation at 2w,. Again we are interested in the
in-phase on-resonance case ¢ = 0, @ = 2w_, for which
the power absorption averaged over one cycle of the
excitation frequency is

C 2
p- 18t &

As above (see eq 28 on radial dipolar excitation), we
set P equal to the time rate of change of cyclotron
orbital energy,

dE, .
p= 7 S Mo, 6. p,0, (89)

to yield a differential equation for ion cyclotron orbital
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radius p,:

qC

2mwp

p.= P (90)

Equation 90 may be solved to yield

qC
p. (1) =p (Mexp T t (28]

P

Equation 91 shows that the ion cyclotron orbital radius
increases exponentially from its initial value. The ex-
ponent is inversely proportional to (w,m/q). Because
w, = @, = 4B/m, there is (to first order) no depen-
dence of excited ion cyclotron orbital radius on ion
mass-to-charge ratio.

Excitation at w,. On application of azimuthal
quadrupolar RF excitation at @ = w,+ o_, both the
magnetron and cyclotron orbital motions are affected
(as was the case for parametric excitation at the combi-
nation frequency @, = @, — w@_, as discussed above).
On absorption of an energy quantum from the excita-
tion field, the total radial energy E,+ E_ changes
from (n + 1/2Xh/27m) 0, —(n_+ 1/2Xh/2%7) w_
(n,+3/2Xh/27) w,~(n_~1/2Xh/2%) w_. Simi-
larly, for (stimulated) emission of an energy quantum,
the total radial energy changes from (n, +
1/2Xh/27)w, —(n_+ 1/2Xh/2%) w_ to (n, —
1/2Xh/2m) w,—{(n_+ 3/20h/2%) w_. In either case,
the time rates of change of the magnetron and cy-
clotron orbital energies are related by

dE dE_
e (92)
dt w_ dt

and the change of magnetron and cyclotron radii are
related by

e L (93)

From the change in total energy expressed in terms of
change in the cyclotron or magnetron energy alone (see
Parametric Excitation of Radial Motion),

dE,,, dE. . dE_
dt dt dt
. dE_ dE
_ @ 4k @ n (94)
w_ di w, dt
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one arrives at the following system of coupled differ-
ential equations:

. qC

py= P (95a)
mep

; 9< (95b)

p-= - 2mwp P+

As it happens, this system of differential equations is
the same as the well-studied Hamiltonian equations
governing the position and momentum of a harmonic
oscillator, as explained in any good introductory classi-
cal mechanics text [70]. The solutions are

. (t) = p (0)sin(w,t) + p, (D) cos(w,t)  (96a)

p_(t) = p_(0)cos(aw,t) — p, (0)sin(w,t), (96b)
in which @, denotes the “beat” frequency,

qC

mep

(96¢)

Wy,

between the cyclotron and the magnetron motions
(Figure 8). If the ions start out in just one mode, for
example, a pure magnetron motion with p_ (¢t = 0) = 0,
azimuthal quadrupolar excitation progressively re-
duces the magnetron radius and increases the cy-
clotron orbital radius until pure cyclotron orbital mo-
tion is attained at time (w/2®,). Following another
pericd (7/2w,,), the ion trajectory converts back to a
pure magnetron mode; however, after time (7/w,),
there is a phase shift of = with respect to what the
magnetron motion would have had in the absence of
azimuthal quadrupolar excitation. This phase shift is
evidenced in the above solution by a negative value of
the instantaneous magnetron radius. In general, the
initial magnetron and cyclotron radii p, (0) and p_(0),
do not fully determine the trajectory of the jon. De-
pending on the phase of the excitation signal, either
the magnetron radius or the cyclotron orbital radius
increases while the other decreases. At any rate, an
admixture of both motions can be converted into one
pure mode by this method, making it a means of
axialization of initially off-axis ions. Azimuthal
quadrupolar excitation has been used for high-preci-
sion (non-FT) ICR /MS [22, 71] of short-lived isotopes
as well as for cooling jons in the presence of a buffer
gas [24]. The latter scheme has recently been adapted
for FT-ICR/MS [25]. The interconversion between cy-
clotron and orbital modes under the influence of
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Figure 8. Radial ion motions for quadrupolar excitation accord-
ing to the analytical eq 96 (see similar plots [22, 23], in which the
trajectories were evaluated by numerical integration of the equa-
tions of motion). w, /@_= 20. Dashed circles as in Figure 5. Note
that an ion that begins with pure magnetron motion (p, = 0 at
time zero at upper left in diagram) evolves to pure cyclotron
motion (p_=0 at bottom left) and back to pure magnetron
motion (bottom right). Such excitation is useful for axialization of
initially off-axis ions (see text).

quadrupolar excitation in ICR is formally analogous to
the evolution of a two-state spin system governed by
Bloch equations; in fact, the analogy extends to 180°
pulse excitation and adiabatic rapid passage [72].
Very recently, Guan et al. [26] have pointed out for
FT-ICR /MS that quadrupolar excitation of xz symme-
try (as opposed to the just-discussed quadrupolar exci-
tation of xy symmetry) couples axial ion motion to the
magnetron and cyclotron motions, as previously noted
for single-frequency ICR [73-75]. Ions may be reso-
nantly excited at any of the frequencies @, + w_, &, —
w_, w, + w,, and w,— w,. For example, excitation at
w, + w_ effects a periodic interconversion between
axial and magnetron motion, similar to the magnetron-
to-cyclotron interconversion described by eq 96. Al-
though the simple cubic trap shown in Figure 1a must
be modified by further segmentation of the side plates,
the quadrupolar xz excitation experiment is otherwise
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quite analogous to the quadrupolar xy excitation de-
scribed above and is not treated further here.

Limitations of the Present Method

In this work, we have assumed that each ion motional
mode (or combination mode) maintains a constant
frequency during the excitation process. That assump-
tion is violated in at least three circumstances. First, for
a nonquadrupolar electrostatic trapping potential (e.g.,
nonhyperbolic trap and /or space-charge potential), the
ion cyclotron orbital frequency can vary with cyclotron
orbital radius; that shift can be minimized by reduc-
tion in trap potential and/or reduction in number of
trapped ions. Second, for ions of low mass-to-charge
ratio, the relativistic increase in ion mass with increas-
ing ion speed translates into a lowering of ion cy-
clotron orbital frequency with increasing ion cyclotron
orbital radius; that shift can be calculated for a given
excitation geometry and known excitation magnitude
and duration, and is in any case usually negligible for
ions of chemical interest (say, > 20 u/elementary
charge). Third, in standard dipolar radial excitation,
for example, the instantaneous ion cyclotron orbital
frequency dé/dt of an ion with nonzero initial cy-
clotron orbital radius initially increases (ion accelerates
in its orbit) or decelerates (ion decelerates in its orbit),
depending on the initial ion cyclotron orbital phase,
during the first few excitation cycles [36] until a
steady-state ¢ = /2 phase relationship between
excitation and ion motion is established; the ICR or-
bital radius then expands linearly according to eq 30.
Alternatively, one may consider that the ICR fre-
quency remains constant, whereas the relative propor-
tion of in-phase and 90° out-phase components varies
with time for a few motional cycles until a steady-state
phase difference of ¢ = 7/2 radians is reached be-
tween excitation and ion motion. In any case, the
on-resonant condition applies as soon as the motion of
the ion packet becomes coherent {i.e., p,(t) = p,(0)].

We have considered here the power absorption av-
eraged over one cycle of the excitation frequency;
however, for standard dipolar {or quadrature) radial
excitation, for example, we previously noted that the
instantaneous center of the magnetron orbit oscillates
{or rotates) during excitation; that oscillation {or rota-
tion) may be reduced by lowering the excitation RF
electric field amplitude [36]. We also assumed that the
change per cycle of, for example, the ion cyclotron
orbital radius is small compared to the orbital radius
itself; that assumption is clearly violated for radial
quadrupolar excitation at ., for which the orbital
radius periodically evolves through a radius of zero. A
rigorous discussion of averaging methods for the de-
scription of FT-ICR jon motions has recently been
presented [34]. Perturbation methods applied to Pen-
ning traps are discussed in detail by Kretzschmar
(76, 77].
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Conclusions and Future Outlook

In this work, we have tried to provide a systematic
and consistent introduction to the family of excitation
geometries for single-frequency resonant, in-phase ex-
citation in FT-ICR mass speciromeiry. The effects of
standard dipolar radial, quadrature, feedback, axial
dipolar, parametric, and quadrupolar excitation as well
as velocity-proportional damping on the ion motion
have been discussed. Table 1 lists analytical expres-
sions for the amplitudes of ion motion as a function of
excitation frequency, excitation period, excitation am-
plitude, trapping peotential, trap shape and size, and
ion mass-to-charge ratio. Figure 9 shows graphically
how the amplitude of ion motion varies during the
excitation period for each of several types of resonant
excitation modes. Excitation amplitude varies with
time linearly (dipolar radial, dipolar axial, or quadra-
ture radial excitation), exponentially (frictional damp-
ing or feedback, parametric axial, or azimuthal
quadrupolar excitation), hyperbolic cosine and sine
(parametric radial excitation), and cosine and sine
(azimuthal quadrupolar excitation).

The excitation configurations discussed here include
the principal excitation modes for a typical six-elec-
trode (e.g., cubic) trap. Other excitation modes can be
generated as higher order terms of an appropriate
series expansion. For example, as noted above, the
radial and trapping motions can be coupled by higher
order terms of the standard dipolar radial excitation
geometry in a cubic trap (e.g., at the frequencies w,+
2w, [78]; however, a modified trap geometry, such as
segmentation of the electrodes, is much more efficient
in exciting multiple harmonic and /or combination fre-
quencies. The possibility of coupling between axial
and radial motions has been mentioned earlier
( Azimuthal Quadrupolar Excitation of Radial Motion). The
present treatment could also be extended to higher
order terms of multipolar (e.g., octupolar) fields. Note
that the concept of feedback excitation introduced
above for the special case of dipolar radial excitation
can be extended to other excitation modes as well.

Finally, we point out that the excitation frequency
suitable for any of the above-listed excitation geome-
tries is the same as the ion signal frequency for detec-
tion with the same configuration, provided that the
appropriate ion motions have been excited, as previ-
ously discussed for the particular case of radial
quadrupolar detection [33]. This result follows from
the reciprocity theorem for image charges [6, 29, 30],
which states that the ratio of the image charge induced
on one or more electrodes of the trap to the charge of
the ion is the same as the ratio of the change in
potential at a given ion position to the applied poten-
tial change on the same electrode(s). That applied
potential (more precisely, its gradient) drives the ion
motion during excitation. The image charge from that
coherently moving ion packet produces the FT-ICR
time-domain signal. Thus, by extending the reciprocity
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Table 1. Amplitude of ion motional modes in response to harmonic resonant single-frequency excitation for

several excitation configurations

Excitation Resonance
mode frequency Equation Number
qBY,_ ot
Dipol ial t)= — (30a)
ipolar radia wy pelt) 2maw,
gpV,_ t
Dipolar radial® W, plt)= 9BYs-pt (30b)
2maw,
qBV,_ ot
Dipolar radial w_ p_{t)=p_(O) - T:uu: (35)
gBV,_ .t
Quadrature radial Wy o )= 9BY-p (40a}
ma w,
gBV,_.t
Quadrature radial® @ pult)l= 9BYo-pt {40b)
ma w,
) 9A
Feedback radial , pilt)=p0),, Ey t (45)
fo,
Frictional damping — pilt)=pi(0lexp| — t (51a)
ma,
fw_
— p_(t)=p_(O)expl + t (51b)
ma,
f
— zm“(r)szax(O)exp(—ETn—t (B1c)
gEgt
Dipole axial w, z (= 2m‘::uz (57)
) ) BV, .t g a*
Dipole axial w, Zmaxlt)= Zpa z PV 3 (60)
Vo ptw,
Parametric axial 20, zoalt)=2z, 0Vexp| ———— (66)
4Vll’ﬂp
Parametric radial @, .t} = p, (0} coshlyt) + p_{0} sinhly?) (77a)
p_{t)= p, (O)sinhiyt) + p_{0) cosh(yz) {77b)
V,_
in which y= L"z (77¢)
Amawydg
" qC
Azimuthal guadrupolar 2, p+(t)=p, (0) exp Zme, t (91)
Azimuthal quadrupolar @, plt)=p_(Osinlwyt) + p, (O cos( wyt) (96a)
p.{t)=p_(0)coslwyt) — p, (O) sinfew,t) (96b)
qC
in which @, = (98¢c)
2mw,

[

® Behavior in the absence of any elactrostatic trapping potential.

relation to the successive positions of an ion as it
proceeds along its motional trajectory, we see that
detected and excitation frequencies are the same if the
same electrode configuration is used for both excita-
tion and detection.

Despite the above-listed limitations, analysis at the
present level of approximation has already led to sev-
eral interesting new results, such as the optimization
of ion initial position for parametric excitation [21] and
the axialization of ions by use of quadrupolar excita-

tion [23-25]. The model also accounts for frictional
damping of heavy ions, leading to ion ““remeasure-
ment” [55]. The “feedback” excitation scheme may be
attractive for excitation of light ions of relativistically
shifted ion cyclotron orbital frequency [53].
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